Commutative semifields are constructed by using their relationship with symplectic spreads. The number of pairwise nonisomorphic commutative semifield planes of even order N obtained in this manner is not bounded above by any polynomial in N. The number previously known for any N was less than log N.
Introduction
Semifields are algebras satisfying all of the axioms for a skew field except (possibly) associativity. Their importance in the theory of projective planes is standard [De, Section 5.3] . Finite ones are not terribly plentiful [CW,KW] ; finite commutative ones are painfully lacking.
The study of finite commutative semifields was begun by Dickson almost a century ago; he found the first nonassociative ones [Di1, Di2, Di3] . Since then the only examples found have been some of Albert's generalized twisted fields [Al4, Al5] and Knuth's binary semifields [Kn2] ; then, after about 16 years, Cohen-Ganley semifields [CG] and Ganley semifields [Ga] ; then, after another 15 years, Coulter-Matthews semifields [CM] ; and, most recently, one sporadic example due to Penttila and Williams [PW] . It is a bit surprising that so few examples are known (up to isotopism).
In this paper additional finite commutative semifields are defined by means of the awkward formula (4.2). Whereas the number of previously known commutative semifield planes of any given order N is less than log N , the number obtained here is not bounded above by any polynomial in N .
Our construction is a simple combination of Knuth's cubical arrays [Kn1] , their interpretation in [BB] , and constructions in [Ka1, KW] for (noncommutative!) semifields arising from symplectic spreads. The manner in which these planes were discovered is perhaps as interesting as the planes themselves, since coding theory played a key role in the discovery. 1 The study of symplectic spreads in large-dimensional vector spaces of characteristic 2 was motivated by coding-theory and later also by extremal linesets in Euclidean spaces [Ka1, CCKS] . In [Ka3] a method was described for obtaining apparently large numbers of symplectic spreads from desarguesian affine planes by natural modifications involving orthogonal geometries and sequences of field changes. The semifield planes among the many types of resulting planes were studied at length in [KW] . This produced the present paper via the following remarkably elementary fact: Knuth's arrays provide a bijection between commutative semifield planes and symplectic semifield planes (Proposition 3.8) .
In order to state our main result, let ρ(m) denote the number of prime factors of an integer m, counting multiplicities; logarithms are always to the base 2. If m 3 3 is a power of 3 and q = 2 then the corresponding number is greater than 2 m(ρ(m)−2) /m 2 . See Theorem 4.4 for a more precise statement, and Theorem 4.5 for information concerning the full collineation groups of the planes. We have no idea how to prove these theorems while staying within the framework of the standard theory of translation planes: symplectic and orthogonal spreads provide additional structure for the needed results in [Ka1, KW] concerning different but intimately related symplectic semifield planes.
In Section 5 we briefly survey the small number of known finite commutative semifields and symplectic semifield planes. For some of them slightly more general results are discussed at length in [BB] . Finally, in Section 6 we conclude with a number of remarks concerning commutative semifields and symplectic spreads.
Background
We refer to [De] for the standard background concerning translation planes and their kernels and duals, as well as spreads, semifields and isotopisms. Nevertheless, we recall that a presemifield is a semifield if there is an element acting as an identity element. Every presemifield is isotopic to many different semifields, all of which produce the same affine plane (up to isomorphism), and the kernel of that plane is isomorphic to the kernel (i.e., left nucleus) of any of these semifields. Moreover, two such presemifield planes are isomorphic if and only if their coordinatizing presemifields are isotopic [Al2] .
Duals and duals
Let P = (K n , +, •) be a presemifield, with associated translation plane A(P). We assume that x → x • y and x → y • x are K-linear maps for each y ∈ K n . This is certainly the case if K is a prime field.
If v 1 , . . . , v n is the standard basis of K n , then
for a ij k ∈ K. The cubical array (a ij k ) was introduced and studied by Knuth [Kn1] . Since it determines P, we will sometimes write P(a ij k ) instead of P.
We are interested in two other cubical arrays and presemifields related to the original one. First, the array (a jik ) corresponds to the semifield P(a jik ) = (K n , +, • * ), where x • * y = y • x coordinatizes the projective plane dual to the one determined by A(P), and hence also coordinatizes one of the associated affine planes A(P) * of that dual plane. Thus, we write
with corresponding plane A(a jik ) = A(a ij k ) * . More significantly, Knuth [Kn1] observed that, if (a ij k ) determines a presemifield, then so does each such array obtained by applying any permutation in S 3 to the subscripts of the array. Thus, each presemifield produces as many as six presemifields.
A simple geometric explanation for this appears first to have been observed only very recently in [BB] . Consider the spread Σ determined by P(a ij k ). This consists of the following subspaces of K n ⊕ K n : K n ⊕ 0 and
Here M s is the matrix of right multiplication by s; the nonsingularity of the matrices M s , s = 0, is exactly the condition that (K n , +, •) is a presemifield. In terms of (3.1),
The dual spread Σ d is a spread of the dual space of K n ⊕ K n . We can identify that dual space with K n ⊕ K n by using the nondegenerate alternating bilinear form defined by
in terms of the usual dot product. The n-spaces
It follows that we can view Σ d as consisting of the subspaces K n ⊕ 0 and 
Note that (3.2) and (3.5) are equalities involving presemifields, with no isotopisms of presemifields or isomorphisms of planes entering at all. These equations arise by applying the transpositions (1,2) or (1,3) to the subscripts of the cubical array (a ij k ). Proof. If the presemifield P(a jik ) is commutative then P(a ij k ) * 
Commutativity
Conversely, if some spread for A d * is symplectic, then by [Ta, p. 69] we may assume that the alternating form is (3.4). Then P(a ij k ) d * d = P(a ij k ) d * by (3.7). As above, it follows that P(a ij k ) * 
Remarks.
1. There is a very simple "coincidence" underlying the preceding proposition: (3.3) is symplectic if and only if the matrices M s are symmetric; and multiplication in a presemifield is commutative if and only if the multiplication constants form symmetric matrices.
2. All of the above discussion involved choices, including a choice of basis and a choice of alternating bilinear form. Even the field was implicitly chosen: everything could have taken place over the prime field without affecting any of the results. With this in mind we will usually find it convenient to view our vector spaces as being over the prime field, applying the trace map from a more obvious field down to the prime field in order to handle field automorphisms.
3. In [BB] , the plane A d is obtained using the symmetric bilinear form
instead of the alternating one (3.4).
Desarguesian scions and a generalization of Knuth's semifields
Assume that we are given fields
F n ] odd and corresponding trace maps
and
were studied in [KW] ; there they produced what were called semifield scions of desarguesian planes (hence the "D"). In Theorem 4.3 will see that B((
) is a commutative presemifield. This produces a commutative semifield that generalizes Knuth's binary semifields [Kn2] (hence the "B"); the latter semifields correspond to the presemifields B((F i ) 1 0 , (1)).
Source of the presemifields B((F
Proof. We will use the nondegenerate alternating bilinear form ((x, y) , (u, v) 
for all x, which depends upon the assumption that
for all x ∈ F , so that
It follows that the dual spread consists of F ⊕ 0 and all
and hence arises from an isotope of the presemifield B((
Remarks.
The above theorem implies that there are at most three planes obtained by repeated use of the operations * and d:
). The theorem essentially answers a question in [CW, p. 130] concerning the previously known semifields for which n = 1: "It remains an open question: When is a Kantor semifield a Knuth binary semifield?" Interpreting the question as asking whether these semifields are somehow related, the answer is now that they are, in fact, intimately related. On the other hand, by Corollary 4.15(ii) these planes are not isomorphic, at least if
Source of the presemifields D((F
. These were constructed by starting with a desarguesian plane and using an algorithm that produces a sequence of modifications involving orthogonal geometries and field changes. This led precisely to these presemifields and to no others. (There were, however, many other types of planes obtained by the same process, but those are not coordinatizable using semifields.) In this sense these presemifields arose "naturally" from desarguesian planes, and hence the same is true of the pre-
). This contrasts with the first occurrence of the presemifields B((F i ) 1 0 , (1)) in [Kn2] , where they had a more magical appearance.
Direct proof that (4.2) defines a presemifield
Assume that x = 0 and
We claim that, for j = 1, . . . , n,
We have seen that this is true for j = 1. If it is true for some j < n then it is a quadratic equation satisfied by √ a with coefficients in
Once again we have a quadratic equation that shows that √ a ∈ F n . The same equation now yields √ a = 0, and hence y = 0. ✷
Remarks.
1. The preceding proof was significantly simpler and shorter than the direct proof in [KW] that (4.1) defines a presemifield. In fact, except for an inductive argument, the two proofs have nothing in common. This seems a bit unexpected.
The fact that the presemifields in (4.2) are easier to work with than those in (4.1) will again be apparent in Section 4.4. On the other hand, in Section 4.3 we will see that the presemifields in (4.1) have advantages as well.
2. The field elements ζ i appear both "inside" and "outside" the trace map T i in (4.1), but only "inside" in (4.2). In fact, traces are not needed at all in (4.2): for each i, the functions T i (ζ i x), ζ i ∈ F * , run through all nonzero F i -linear functionals F → F i . Nevertheless, we have retained the ζ i in view of the results, needed later, proved about the presemifields (4.1) in [KW] . Knuth [Kn2] also used an arbitrary nonzero linear functional F → F 1 in his construction. He observed that different linear functionals produce isotopic presemifields, which is not the case when n > 1 (cf. Theorem 4.4).
Isotopisms and autotopisms
There are tolerable but incomplete results concerning both isomorphisms among these semifield planes and their collineation groups: 
Theorem 4.4. Consider the presemifields B((F
) are isomorphic semifield planes; and (ii) n = n, F i = F i and there exist λ ∈ F * and σ ∈ Aut(F ) such that ζ i = λζ σ i for all 1 i n.
Each of these planes has an obvious group A of collineations arising from the autotopisms obtained from the equation 
is the product of AΛ with the group of order |F | 3 generated by all elations.
Proof of Theorems 4.4, 4.5 and 1.1. If the planes are isomorphic then there is a semilinear transformation g of F 2 sending the spread for the first plane to that for the second one. Then g acts on the dual space and sends the first dual spread to the second one. 
Remark.
Despite the first remark in Section 4.2, the presemifields (4.1) are superior to those in (4.2) for the study of isotopisms and autotopisms: as indicated in the introduction, we have no idea how to prove the preceding theorems while staying entirely within the theory of projective planes and their spreads. This is, in fact, possibly the most interesting aspect of this paper. On the other hand, a proof that does not wander off into orthogonal geometries would be desirable, since it might provide a route to the removal of the unfortunate numerical assumptions in the preceding theorems.
Proof. If K is the kernel then K * can be viewed as a group of collineations. It must be conjugate to a subgroup of AΛ. In view of the actions of AΛ and K * on the plane, this is only possible if |K * | = 1. ✷
Kernel
We next compute the kernel of essentially all of the semifields and their planes. The computation is somewhat messy, though not as disgusting as for the corresponding result in [KW, Theorem 3 .4] (which was crucial for the proof of the above Theorem 4.5 and its corollary). 
Note that the hypothesis |F | > 8 is essential here since any semifield of order 8 is a field. We now have the presemifield we need. The kernel of the plane A(B((F i ) n 0 , (ζ i ) n 1 )) is isomorphic to the kernel of any associated semifield. The semifield (F, +, •) we will use is defined as follows (for all x, y ∈ F ):
Proof
By (4.2) and (4.8), x →x is the inverse of the map x → x * 1, so that (F, +, •) is a semifield S with identity element 1.
for all x, y ∈ F }. We will assume that there is some k in this kernel such thatk = 0, 1, and eventually deduce a contradiction.
Proof. By (4.9), k • x = k • x and x • y = x • y. By (4.11),
Now use (4.11) two more times. ✷ 
Thus, for each y chosen in Lemma 4.12,ȳ 2 +ȳk ∈ F 1 {x 2 +kx 2 +k 3 f 2 x }. Consequently, the number of y is at most 2|F 1 |, while there are at least |F |/|F 1 | choices for y satisfying the hypotheses of Lemma 4.12. Thus, |F |/|F 1 | 2 2, which is a contradiction as in the preceding lemma. ✷ Conclusion of the proof. This time choose any y, and choose any x such that f k•x = 0. By Lemmas 4.13 and 4.14 together with (4.9) and (4.11),
Thus, (k +k 2 )x 2 f y = (kx 2 + (kx) 2 )f y = (k +k 2 )f x•y , where f y , f x•y ∈ F 1 . We are assuming thatk +k 2 = 0. Consequently, if we can choose y such that f y = 0 then there are at most |F 1 | choices forx such that f k•x = 0, which is not the case. Thus, f y = 0 for all y ∈ F . However, by (4.10) this is impossible since T 1 (ζ 1 F ) = F 1 while, if n 2, then n 2 T i (ζ i ) ∈ F 2 . This is a final contradiction. ✷
Remark. A similar proof shows that the middle nucleus
Corollary 4.15.
Proof.
(
) is isomorphic to the field of linear transformations of F 2 that fix each member of the spread. This field of linear transformations is the same for the dual space of F 2 , and hence is isomorphic to the kernel of A(B(( [KW, Theorem 3.4] . By (i), this handles the case |F n | > 2. If |F n | = 2 see [KW, Theorem 3.31(ii) ]. ✷ Presumably (ii) is true without any hypotheses other than n 1 and |F | > 8. The above special case is somewhat stronger than a previous one in [KW, Theorem 3 .31] when |F n | > 2; (i) is stronger than [KW, Proposition 3.27] . Theorem 1.1 gives a lower bound that is useful only when m has several prime factors. We can now provide a small amount of information in the opposite situation: (2)), (1)). (2)), (1)) * are not isomorphic, whereas A(B((F, GF (2)), (1)) is self-dual. ✷
Proof. By the preceding corollary, A(D((F, GF(2)), (1)) and A(D((F, GF

Boring planes
A semifield plane of order q m is called boring if its full collineation group is as small as possible: order q 3m |K * |, where K is the kernel of the plane. By Theorem 4.7, in the present setting this means that the order is q 3m , which is as small as possible for any semifield plane of order q m . Proof. By Theorem 4.5, we merely need to guarantee that AΛ = 1. Use |F n | = 2 so that A = 1. In order to deal with Λ and the count, we will assume that m is not a power of 3, leaving the excluded case to the reader.
Consider a chain (F i )
ρ(m) 0 of subfields of F in which each has prime degree over the next and [F :
be a sequence of elements of F * such that ζ 1 = 1 and ζ 2 is any generator of F over GF (2) 
Other commutative semifields
In this section we survey the previously known finite commutative semifields in light of Proposition 3.8. In each case we will have planes of order p n for an odd prime p. The numbers of pairwise nonisomorphic commutative semifield planes of that order in the various sections is as follows: Thus, the total number known of order p n is less than log p n . Each member of the last four families has square order, which is the case for some members of the first family but none in the second one.
Twisted fields
Albert [Al4, Al5] defined generalized twisted fields as follows: Let F = GF(q), where q can be odd or even. Let α, β ∈ Aut(F ) and j ∈ F * be such that the equation j = x α−1 y β−1 has no solutions. Then
defines a presemifield (F, +, * ); a corresponding semifield is called a generalized twisted field T(q, α, β, j) if α = β, α = 1, β = 1, with corresponding affine plane A(q, α, β, j).
Proof.
(i) This is obvious.
(ii) The spread corresponding to A(q, α, β, j) * has members x = 0 and {(x, m * x) | x ∈ F }, m ∈ F . We will use the alternating bilinear form ((x, y) , (u, v) 
where T is the trace map to the prime field.
For each m ∈ F we need to find all (u, v) 
In [BKL] the generalized twisted field planes A(q, α 2 , α, −1) were shown to be symplectic. In view of Propositions 3.8 and 5.2, we should look at T(q, α, α −1 , −1). Here multiplication is given by x • y = xy + x α y α −1 , and is clearly not commutative; but the isotope x • y := x • y α = xy α + x α y is commutative. The result in [BKL] can now be slightly strengthened: that the number of pairwise nonisomorphic nondesarguesian generalized twisted field planes of order q = p n is less than (n − 1)(n − 2){(p n − 1)/(p n/2 − 1)}/n < np n/2 √ q log q. However, we are especially concerned with commutative semifield planes. As noted above, by [Al5] any semifield coordinatizing a generalized twisted field plane is a generalized twisted field. The commutative ones are A(q, α −1 , α, −1) ∼ = A(q, α, α −1 , −1) with α = α −1 , so that the number of nonisomorphic nondesarguesian ones is [(n − 1)/2].
Coulter-Matthews presemifields
Coulter and Matthews [CM] introduced presemifields CM(3 e ) = (F, +, * ), where F = GF(3 e ) with e > 1 odd, somewhat resembling those of the preceding section:
x * y = x 9 y + xy 9 + x 3 y 3 − xy (5.5) (cf. Remark 4 in Section 6). R. Coulter has informed me that, if e 3, then these planes are nondesarguesian, and moreover they are not twisted field planes (concerning the latter he notes "that is more of a sketch than a proof at this stage"). Since the order is not a square, these are the only possibilities for known commutative semifield planes to which any CM(3 e ) plane might be isomorphic. As in Section 5.1, using the alternating bilinear form ((x, y), (u, v) 
The corresponding spread is symplectic with respect to that form.
Dickson semifields
Assume that q is odd, let j be a nonsquare in K = GF(q), and let 1 = σ ∈ Aut(K). Following [De, p. 241] 
and the Knuth semifield
In both cases, different choices for j produce isotopic semifields and hence isomorphic planes.
Proof. This time we use the alternating bilinear form (a, b, c, d) , (s, t, u, v) 
on K 4 , where T denotes the trace from K to the prime field. Consider the member {(a, b, an + bm, bn + j a σ m σ ) | a, b ∈ K} of the spread for D(q, σ ). We need to find all (s, t, u, v) ∈ K 4 such that
Thus, we obtain the 2-space {(s, t, ms
This is a member of the spread obtained using
It is straightforward to check directly that the spread for D(q, σ ) is symplectic with respect to the form (5.10). See [Bu,Sa] for complete solutions to the isotopism and autotopism questions for Dickson semifields. In particular, if q = p e for a prime p, then these semifields produce [e/2] pairwise nonisomorphic nondesarguesian planes of order q 2 . Note that these planes are not isomorphic to twisted field planes because their collineation groups behave differently [Al4, Bu] .
The above argument also shows that, for the semifield S(q, α, β, θ, j)
where α, β, θ ∈ Aut(K) and j ∈ K * (cf. [Kn1, , [De, p. 241] ),
We note that the semifields discovered by Prince [Pr] are isotopic to the Dickson ones, according to [BB,BL] .
Cohen-Ganley semifields
Let q 9 be a power of 3 and let j ∈ K = GF (q) be a nonsquare. The Cohen-Ganley 2 commutative semifield CG(q) = (K 2 , +, * ) [CG] is defined by
and the Thas-Payne semifield
In [TP] the focus is on ovoids of the generalized quadrangle Q(4, q); those ovoids are equivalent to the required symplectic spreads by the Klein correspondence. Up to isomorphism there is exactly one of each of these planes for each possible q. As above, the following is straightforward using (5.10):
6. Concluding remarks 1. The main problem concerning commutative semifields is that there are too few of them known. In particular, more of them in characteristic 2 having odd dimension over GF(2) would immediately feed into the coding-theoretic machinery in [CCKS] and produce extremal Z 4 -linear codes and extremal line-sets in Euclidean spaces.
Albert [Al1, p. 309 ] observed back in 1952 that "No central finite commutative division algebras of characteristic two are known and the question of their existence is a major problem of our theory." Of course, Knuth [Kn2] settled this problem in 1965. However, the results of the present paper now indicate a major problem in the opposite direction, since now there are many different semifield planes known in characteristic 2 but not so many in odd characteristic. To be more precise, if S(x) denotes the number of known commutative semifield planes of order at most equal to the real number x, and S 2 (x) denotes the corresponding number for planes of even order, then lim x→∞ S 2 (x)/S(x) = 1.
On the other hand, there are more types of constructions of commutative semifields known in odd characteristic than in characteristic 2. Constructions are needed that produce significantly larger numbers of planes than appear in Section 5: the above (timedependent!) limit should be 0.
2. By Proposition 5.3(i), (ii), the twisted field planes A(q, α 2 , α, −1) with q odd and α of order 3 have a property in common with desarguesian planes: they are simultaneously commutative semifield planes and symplectic planes. No other known planes share both of these properties.
Both of the nondesarguesian semifield planes of order 16 have the following in common with the preceding planes: they have exactly one "image" under the action of Knuth's S 3 [Kn1, p. 209] . However, these planes do not arise from commutative semifields, and hence also not from symplectic semifields. (There is a subtle difference between a plane being self-dual and being coordinatized by a commutative semifield.)
There are many more examples of this phenomenon. For example, all semifields (K 2 , +, * ) with for an involutory automorphism σ of K and j / ∈ K σ +1 (cf. [HK] ), behave in this manner. 3. All known symplectic spreads in odd characteristic, having dimension greater than 4 over their kernels, are semifield spreads. This is not, however, the case in characteristic 2 [Ka1, KW] .
4. Commutative semifields in odd characteristic arose in research of Dembowski and Ostrom [DO] (compare [De, p. 245] ). In that paper these authors were concerned with planar functions, which they invented in order to try to construct new finite affine planes admitting groups that are point-regular but do not consist of translations. The function they used that arises from a commutative presemifield was just f (x) = x * x; the associated plane is the one coordinatized by the presemifield. Conversely, each planar function f corresponding to a commutative presemifield of odd characteristic determines that presemifield via x * y = [f (x + y) − f (x) − f (y)]/2.
Dembowski and Ostrom then discussed examples arising from fields, commutative twisted fields or Dickson semifields. At that time the examples in Sections 5.2, 5.4, 5.5 and 5.6 were not known.
5. The presemifield (4.2) has exactly the same appearance as in Knuth's paper [Kn2] : x * y = xy + (xf (y) + yf (x)) 2 . The fundamental difference is that f : F → F 1 was F 1 -linear in [Kn2] , whereas we have used more general additive maps F → F 1 . Are there still more additive maps f : F → F 1 for which this formula produces presemifields? In view of Proposition 3.8 and [KW] it seems unlikely that there are other possibilities.
6. Menichetti [Me] proved a striking result concerning presemifields S = (F, +, * ), F = GF(q n ), for which * is both left and right GF(q)-linear: for a given prime n, if q is sufficiently large then S is isotopic to a field or a generalized twisted field. This should be compared with Corollary 4.16.
7. In the course of the research in [Ka2] I came across symplectic semifields (5.8) that turned out to have been dealt with earlier by Knuth [Kn1] . The work on semifields in [Ka1, KW] now turns out also to be related to other semifields studied by Knuth [Kn2] by using the ideas in [Kn1] . This suggests that [Kn1] has been neglected for many years. The results in [BB] further emphasize this point.
8. In 1965, at the end of my first year as a graduate student, R.H. Bruck arranged for me to spend the summer studying at the University of Chicago. A.A. Albert took off about an hour each week from his duties as Dean in order to guide me through his papers [Al3, Al4, Al5] , among others. It is quite a pleasant surprise that the results studied so long ago arose in the present paper.
